


We are now going to work a few examples.

Diamond (22 "hierarchical" ( lattice
-

The diamond lattice is an artificial construct that allows an exact

implementation of the RG because it shares with the1D lattice the absence

of the proliferation of the interactions.

It is constructed like this :

fine graining
->

I

- N ...

- /

coarse graining

For simplicity ,
we consider only the case with h =o

We also recall the coarse graining of the 1Dising model :

als+
= Fresh a lis J22

and we observe that the course graining operation

-I



corresponds to two
,
independent , 11 coarsegrainings.

This in turn corresponds to the following recursion, iterative,

equation

estet) =Tosh2
a

Let's look graphically at the solution :

#i
k

Trash 2k J has zero derivative at the origin

Chence
,

it stays below eSh locally)
,

but it

grows like
e*k asymptotically ,

hence it

goes
above esp

,
and the two mustoess in K

*



Graphically it is also clear that K
*

is unstable under

iteration
,
while by converse K = 0 (T= c) and

K = 0 (T=e) are stable fixed points,

k
* this corresponds to the critical point !

Let's compute the associated eigenvalue

2

<ku
+ 1)

= Ecosh (a(1) Ja
#

((H) =
In cost (ak")

and

k(n+ 1)
= k

*

+ 2k(
+ 1) km) = k

*
+ G(m)

Then

#+ St = Mak * ) + 2 tant (ak*)Sk() + 0(3k")

and we have

2 kch + 1)
= < Faut (2k * )S1)

is

2 tanh(ak * ) > 1 ?



In order to prove it ,

let's take the derivative of

the iterative equation

((h+1)

C = cosh(a)

↓

e
*

(3) = coshr) + a sintar
* (SuSY

↓

eb
*

& yet = a

singleBut graphically :

** S

The slope (taugent) of costr) is larger
than the one of el in K

*

This means that ch
But eK= celer =>th(k) > 1



The rescaling factor is 6 = 2 , just as for the 2D case,

which means

68t = < tanh (2** ) with b = 2

#

y = log
,
[a touh (2k

* )]

&normalization of the D" model

We recall the Hamiltonian of the pmodel :

H (1) = Je[c (MB2 +r + up]

In this expression , I is included
in the

interactions
,

as we have already seek.

Then we must write the partition function

we then must coarse grain :

z = J80e
- H



But this expression is not computable ,

and it

is even not clear hour to perform te course

graining .

Let's simplify the problem in 2 steps

1) let's for one moment forget about the quartic
terms

H =(d [c + -$2]

and

z = (86e
Sec ++]

We have already worked on this previously ,
but

we want now to focus on a renormalisation group

approach

How do we implement the coarse-graining ?



2) Fourier space

- ik
(E) = Sde be) e

A

b() = ca) :E
.

A = t is the smallest scale in the system.

Then

[B = [S-iE)El]" =

- S-ECEECE)
and

Joe (T =/ -EEE
2n f(E+ E1/

=(i)- E) =

= it dE *
(



The quadratic part works similarly

Joe Del=E
*
(E)

Together we have

H =⑫k + v)() *

(E)

Let us now write the partition function

z = & e (v)E(
+

(E)

Coarse-graining the system means "tracing out " the

small scales : we integrate between G and N

with b > 1 (but not much larger)

We can divide the Hamiltonian in two parts

H = Hj + H

with

Hs= E(ck +v)()*(

H)=(c)



and the partition function becomes

z = J8686e
H - Hs

=

a bit "simple"

because the Hamiltonian factors in:

no couplings (interactions ) between different

Bare present

We then integrate the > part :

z +E(8e(+)()*
(E) de

Now we would like to rescale everything so that the remaining

Hamiltonian looks just like the original one :

-
To do so

,
we change variable

B = b de =b



and we obtain :

&& b-(62k +r)*

We assume that the field itself scales with b :

) = (b) b

Is this reasonable ? We have to think that the
at the new scale is a sort of coarse-grained (average)

of the ⑤ at the scales that we have coarse-grained.

Since I has zero average ,
its typical scale is

related to the volume
. If all thes at smaller

scales were uncorrelated we would expect

~ (b) Emira from the
C.g.

CENTRAL LIMIT THEOREM
e-

If instead they were correlated ,
↓ is to be defined .

Putting everything together

9.de (c6-2k r)b-dy26(E)* (EI)

and this must be equal to

5."dE(chi+ r)P(E)
*

(E)



From this we obtain

r' = b
- d+ 24p

E c' = b
-( + 2) +2

These are the recursion relations of the RG
.

Two cases

&

E
r = r1)d= =

4 = b

r is automatically a fixed point !

c'x(b > 1)

This means that the only solution is Et
The fixed point is this

Cr
, 0)

Interpretation :

*
C = 0 = fluctuations are irrelevant

(they come from(

~ finite means that the system reduces to

our homogeneous field
whose

average value
is 0

=> T= a



This is a stable point,

2)
r = b

- d +2

& c = b
- (d+2) + 2x

,

hour choose

d=

Then

n ' = b
-

p

E c = c

The fixed point is now -Ex and >0

The system is completely dominated by fluctuations
.

Moreover r-It) so that*o = It)= a

9
critical point !

Furthermose
,

r'> r = mstable fixed point.

Last but not least ,
we can compute the critical

exponent y7

y = lgb( = logb = 2



Reminding that yo We have

v = 1 which is the result that we

had previously seen.

We now know how to treat the coarse graining for

the 04 model :

1) Fourier transform

2) Shell integration (A/ ,
N)

3) Rescaling of the fields

4) Choice of the rescaling factors to find the

fixed points.

The case is yet more complex.



Let's write the interaction
,
$4 term explicitely in Fourier

transfazen : Hart

&d=d ddd()()()(ks)/eeE+Eli
-

2π)k+E+E+ k)

=JedEdS( + E + E +) PE)(i) Blus)Gal

Including this term in the Hamiltonian,

z = )85 eH

cannot be computed ,
but let's rewrite it as

zJDe-Sd(ck+v)E)*) - Hint
I

=J8, Ha g e-Has e Hint

where we have defined
N/b

Hy = (n(ch+r)) *(E)+ESCREE
&

and

IdECav)BE



Now we focus on
this contains the cases

↓ where at least one of the
ks is between F and A

S -Has e-Hirt ,

and we expand e-Hints

-
Hint

= -Hinter Hints +. - -

For the time being we just, use 1-Hints

This is the
average

then of Co-Hint)
-

J B -H (2-Hint
,) = Jet .J,it
-

We have multiplied and

divided by
SDG e Ha

,

We must compute

< 2- Hints
,

P

average using He>



<13 = 1

A

& Hint [ufdddS(OTPE)(Es2,

There are several cases
,depending on how many of the

Es
,
E2

,
E and Es are between & and N

1) None of the ks is between G and d : this is the case

of He

2) 1 at 3 Is are between & and A

In this case
,

since the Gaussion weigth -'Her is even
,

the average of an old function vanishes

3) Es are between # and N : the average is just a

constant

4) a Es are between & and A.

There are (2) = 6 such cases.

- (ck2+r)()
*

(E)

Moreover remember that the weight isa
-

which means that the twois between t andA must be opposite,

for example Ez = - En

then
,

since anyway
there is St + E +Es) andE=

we have also E+ = 0 En = - Es



Putting all together we have

& (8
S

· [2-n() +

-Su*EE)] =

= 1 - u . crustGudi( *

(E) .

·d& (E)(E)

We now recall that

Je⑤(E) *

(i) =

-

then

21-Hint2 = (2-coust)[LME



We now write

C1-Hina = (2-coust) etr(2-

Still in the assumption that u is very small
,

we have

32-Hint, (2
,

2
= (3-const
it

Now we can put it all together :

22
,
>

which is a constant

z= (DeH . -coust
·

-d =

=Co-cost) · 72JO(
u

constant

·

e-uSE



Just as we did before ,
we have to rescale :

El = Eb 5) = b" (E)

Then we have

=> = must .
)De[=]

) -uCR) ·
· S(E+ (+Ezk)

with
x = b

-( +2) +2x

r ' = b -d + 2x(r+ustud)E
-

u = b
- 3d + 4)

U

3) because S(E++ E + E) constrains one

integral

And we must find the fixed point ,

LaseI

as we did previously we set d = 2

This was the case leading toT=o as fixed point

Here it leads to
b - 1

E
c'= b2c

-> o

u = b
-du -0

n' = p



The fixed point is thus the same as before

&

X=

c = S

E i'= u b4-d

v' = b + coust . u)

This is new more interesting ,
because

· if d> u+ o

and we obtain exactly the same result as

before mufield

· if des then u-a and

we need to go
to the next order in u

,
because

we cannot say that u is small.


